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Abstract. We study the existence of SRB measures of diffeomor¬ 
phisms for attractors whose bundles admit Holder continuous invari¬ 
ant (non-dominated) splittings. We prove the existence when one sub¬ 
bundle has the non-uniform expanding (the term was introduced in [T]) 
property on a set with positive Lebesgue measure and the other sub¬ 
bundle admits non-positive Lyapunov exponents on a total probability 
set. 

1 Introduction 

Consider a smooth dynamical system (M, /), where M is a compact smooth manifold 
and / is a diffeomorphism over M. Among all /-invariant Borel probabilities, we 
are interesting in finding measnres that reflect the chaotic properties of / from the 
viewpoints of entropies and Lyapnnov exponents. In 1970s, Sinai, Rnelle and Bowen 
[a El dsi [m managed to get this kind of measnres for hyperbolic systems. 

Generally, for an invariant measure /i of /, if (/,/r) has a positive Lyapunov ex¬ 
ponent and the conditional measures of /i along (Pesin) unstable manifolds of /i are 
absolutely continuous with respect to Lebesgue measures on these manifolds, then one 
says that is an SRB measure (see for instance in [18] for this definition). Ledrappier- 
Young in m proved that this is equivalent to say that h^{f) is equal to the integral 
of the sum of its positive Lyapunov exponents, i.e., (/,/i) satishes the Pesin Entropy 
formula. 

One can ask the following question (by the philosophy of Pahs [IS]): what is the 
abundance of SRB measures for diffeomorphisms? In this paper, we will show the 
existence of SRB measures for systems with Holder continuous invariant splittings and 
some weak hyperbolic properties. 

*D. Yang is the corresponding author. Y. Cao and D. Yang would like to thank the support of NSFC 
11125103, NSFC 11271152 and A Project Funded by the Priority Academic Program Development of 
Jiangsu Higher Education Institutions(PAPD). 
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Let iL C M be an attractor, i.e., iL is a compact invariant set and K = n„>„ r(u) 
for some open neighborhood U of K such that f{U) C U. Assume that TjjM = E® F 
is a Holder continuous D/-invariant splitting. The simplest case is when U = M. 
We say a Borel set has total probability if it has measure one for every /-invariant 
probability measure. 


Theorem A. Under the above setting, if we have 


Leb ( -^ a; e : limsup — log ||Zi)/ 

n^oo 


X] 


< 0 


> 0 , 


and there exists a subset T C U with total probability such that for every point a: G T, 
it has 

liminf — log ||Zi)/"/ii^(a;)|| <0, 

n—>-oo 77, 

then there is an SRB measure supported on K. 


Remark 1. We only need the bundle F to be Holder continuous in the proof. 


By adjusting the condition of ^'-direction, we have the next Corollary: 

Corollary 1. Under the assumption of theorem HI if we have 

liminf — log ||Zi)/"/i?(x)|| <0 

n—>-oo fi 

on a set of total probability, then the SRB measure fv we get is physical, in the following 
sense: 


Leb ^ > 0- 

There are several previous related results. By the limit of our knowledge, we give 
a partial list below. 

• Alves, Bonatti and Viana in [1] proved the existence of SRB [physical) measures 
in “mostly expanding” systems. Notice that all the splittings in jl] are dominated. 
In contrast to [1], the splitting in Theorem lAI is only Holder continuous, which 
can be deduced by domination (one can see a proof in [3l Theorem 3.7]). 

• In [12] together with [2], the authors considered a system where the uniform 
hyperbolicity decreasing to vanish when approaching to some invariant critical 
set. They assume there exists a subset A of points that exhibit non zero Lya¬ 
punov exponents (which ensures the orbits do not stay too long time in any hxed 
neighborhood of the critical set), and have local stable/unstable manifolds with 
uniform size. These facts imply the existence of (countable) Markov Partition 
over A. By using the Markov Partition they proved that if there is an unstable 
manifold of some point in A that intersects A with positive Lebesgue measure, 
then there exists some SRB measure. 
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• Climenhaga, Dolgopyat and Pesin in [H] considered a system with a measnrable 
splitting and measnrable invariant cone fields. They proved the system has some 
SRB measnres if the system has some property called effective hyperbolicity for 
measurable invariant cone fields. Unlike [9], systems in this paper do not have 
invariant cone fields. 

• One part of Theorem 1.2 of Liu and Lu in [13] proved the existence of SRB 
measures for attractors with a continuous invariant splitting with two bundles, 
one bundle is uniformly expanding and the other one has no positive Lyapunov 
exponents everywhere. 

In this work, we need to deal with splittings which are not dominated. [1] studied 
the case of dominated splittings deeply. When we don’t have the dominated property, 
we don’t have the invariant cones generally, and we lose the estimations on the Holder 
curvature of sub-manifolds and the distortion bounds in contrast to [T]. However, the 
non-uniform expansion along F and the non-expansion along E allow us to have some 
non-uniform domination on a set with positive Lebesgue measure. Then by focusing on 
some special sets, we can recover the invariance of cones and the distortion bounds. By 
more accurate calculation, we can estimate the Holder curvature only for hyperbolic 
times on the special sets. 

We also have a version for sub-manifold tangent to the F-bundle. Given sub¬ 
manifold D, denote by Lebi) the induced normalized Lebesgue measure restricted to 

D. 


Theorem B. Let TjjM = E ® F he a Holder continuous D f -invariant splitting. If 
there is a local sub-manifold D (Z U, whose dimension is dimF, such that 


LehollxeD: T^D = F{x), limsup - ^ log ||T>/ 7^(/*(a^))ll < 0 > | > 0, 

\ n.—¥no ^ . / 


2=1 


and there exists a subset T Z U with total probability such that for every point x G T, 
it has 

liminf-log||Dr/U(x)|| < 0, 

n—>-oo Tl 

then there is an SRB measure supported on K. 


Recall that R. Leplaideur [12] considered some topologically hyperbolic diffeomor- 
phisms. More precisely, [12] discussed some open set U containing a compact invariant 
set H with a Holder continuous invariant splitting © U™, together with continuous 
non-negative functions /c^ and /c“, such that 

• \\D f / E^^[x)v\\ < \\D f / E^'^[x)v\\ > x eU and any 

non-zero vector v G T^M in the subspace, respectively; 
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• k^{x) = 0 if and only if k^{x) = 0. Moreover, the set of all points with the above 
property is invariant. 


ca proved that for some point with large unstable manifold and has good esti¬ 
mations, then / admits a hnite or cr-hnite SRB measure. Especially, [12] reduced the 
initial problem to [121 Lemma 3.8] which asserts that there is a unstable manifold D 
such that 

X e D : limsup — log \\Df~^/F{f^{x))\\ < 0 I | >0. 

— ^ tr J y 

Our Theorem [B] can apply to the main theorem of [T2| to show there really exists 
a hnite SRB measure. Notice that this has already been obtained earlier by a recent 
paper of Alves-Leplaideur [2] . However, the method here is different from [2] : we don’t 
need to estimate the unstable manifold in advance and we don’t construct Markov 
partitions. 

This paper is organized as follows. In Section 2, we study the dynamics from 
continuous invariant splittings, mainly about some geometry properties for the iterated 
disks around some special points which will be denoted by Aai,i, including the angles 
between these disks and F-bundle, the backward contracting property in hyperbolic 
times and also the bounded distortion property, and one should notice that this is the 
unique place using the Holder assumption of the F-bundle. Section 3 is dedicated to 
prove Theorem [Aj during which we will select some disk tangent to the F-direction 
cone held such that one can apply the properties obtained in Section 2. Then we 
consider the Lebesgue measures of the disk under dynamics / and we will hnd some 
ergodic measure of the accumulation of these measures satisfying Theorem |A1 After 
that we will give the proof of Corollary [1] as a simple application. Finally, a short 
proof of Theorem [B] will be presented by using the main approach we built in previous 
sections but with some modihcation. 

Acknowledgement We would like to thank Prof. J. Xia for useful discussions and 
suggestions. Z. Mi would like to thank Northwestern University for their hospitality 
and the excellent research atmosphere, where this work was partially done. Z. Mi also 
would like to thank China Scholarship Council (CSC) for their financial support. 



2 The dynamics from continuous invariant split¬ 
tings 

Assume that / is a diffeomorphism on a compact Riemmannian manifold M, and 
K is an attractor introduced in Section 1. Let T-jjM = F © F be a F/-invariant 
continuous splitting throughout this section unless otherwise noted. 
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2.1 Pliss Lemma and its applications 

The next classic Pliss lemma is very useful in getting hyperbolic times. The proof can 
be found for instance in |ll Lemma 3.1]. 

Lemma 2.1. (Pliss lemma) For numbers Cq > Ci > C 2 > 0, there is 9 = 9{Co, Ci, C 2 ) > 
0 such that for any integer N, and numbers 61 , 62 , • ‘ ‘ eM., if 

N 

bj > CiN, bj < Co, V 1 < j < iV. 
i=i 

Then there is an integer i > ON and a subseguence 1 < ni < ■ ■ ■ < < N such that 

rii 

hj > C 2 {ni — n) for every 0 < n < nj and i = 1 , • • • , 

j=n+l 

We will use Lemma [2.II to give some results for diffeomorphisms. 

Definition 2.1. (Hyperbolic time) Given a < 1 and x & U, if 

n 

n ||D/-VF(f(a:))|| <a^ for all 1 < k < n, 

j=n—k-\-l 

then we say n is a a-hyperbolic time for x. 

Lemma 2.2. Given 0 < ai < a 2 < I, there is 6 = 0{ai, ct 2 , /) > 0 such that for any x 
and any N eN, if 

N 

]l\\Df-gF{fi{x))\\<af, 

i=i 

then, there are 1 < ni < n 2 < ■ ■ ■ < < N, where i > ON such that Ui is a 

o' 2 -hyperbolic time for x, 1 < i < i. 

Proof. This is an application of the Pliss Lemma (Lemma 12.11) by taking 

6 , = -log||D/-VW(a;))||. 

More precisely, by assumption, we have 

N 

J2'os\\Df-gF{P{x))\\ < Nloga,. 

i=i 

So 

N 

Ybj > (-logai)W 
i=i 
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Now, we take Ci = — logai, C 2 = — logcr 2 and Cq = sup | log ||D/“^/F|| |. By the 
assumption, we have Co > Ci > (^2 > 0 . Thus, Lemma 12.11 implies that there are 
1 < ni < 77-2 < • • • < with ^ > ON such that for every n^, we have 

rii 

bj > (— log(T 2 )(nj — n) for every 0 < n < rij, 

j=n+l 

which in other words. 


rii 

n \\Df~^/F{f\x))\\<al for every 1 < fc < Ui, 

j=ni-k+l 

that is to say rii is a cr 2 -hyperbolic time for x, which completes the proof. 

□ 

We also need the following lemma of Bliss type which considers inhnitely many 
times. 

Lemma 2.3. For a sequence of real numbers oi, 02 , • • •, for N eN, if 

n 

Qi > 0 , for every n > N. 

i=l 

Then there exists 1 < < iV such that 

n 

Qi > 0 , for every n > k. 

i=k 

Proof. Denote by S{n) = every n > 1. By convention, one can dehne 

S'(O) = 0. By the hypothesis, S{n) > 0 for every n > N. We choose some 0 < i < N 
such that S{i) be the smallest number among the sequence of numbers S{n), where n 
takes from 0 to A^, that is 


S{t} = min{S'(n) : 0 < n < A^}. 


We can also restrict 0<£<A^ — lasS'(0) = 0< S{N). So S{t) < S{n) for every 
i < n < N, and also S{i) < 0 which implies that S{n) > S{i) for every n > N. 
Together, we obtain that S{n) > S{i) for all n > i. Now take k = £ + 1, we have 
S{n) > S{k — 1) for every n > k, then 

n 

Oi = S{n) — S{k — 1) >0 for every n > k. 

i=k 

□ 
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Given A G (0,1) and iV G N, define 


Aa = 


X 


eU: limsup-^logllD/ ^/F{f{x))\\ < 2\og\ 

n—^OC ^ . - 


2=1 


{ 1 

X G Aa : - y'log||A>/“V^(r(^))ll < logA < 0, \/n > N 

As an application of Lemma 12.31 we have the next Proposition which asserts that 
one can reduce the positive volume set in assumption of Theorem to some set Aa,i 
(non-invariant) also with positive volume. Aa,i can be manipulated easier. 

Proposition 2.1. Let 

( 1 ” 

A = < X G 17 : limsup — ^ log ||iA/“^/F(/*(x))|| < 0 

n—>-oo ^ 

^ 2=1 

//Leb(A) > 0, then there exists a constant A G (0,1), such that Leb(AA,i) > 0. 




Proof. Let 

f 1 " 1 

A{k) = lx eU : limsup - Vlog ||L>/“V^(f (^))ll < -T 

n^oo ^ k 

then, we have A = IJ^i by the dehnition of A. This together with Leb(A) > 0 
implies that Leb(AA) > 0 for some A G (0,1). Notice that Aa = lJw=i and 
Aa,v C AA,Ar+i for all G M, so there exists an 77 G M such that Leb(AA,Ar) > 0. 

For any x G Aa,v, 

n 

5^(-log||Zl/-VF(f(x))||-logA-i) >0, \/n>N. 

2=1 

Set Oi = -log||Zl/“V-^(/*(2^))ll -logA"\ then 

n 

Oj >0, Vn > N. 

2 = 1 

By applying Lemma 12.11 there exists some 1 < A; < A^ such that 

n 

Oj >0, Vn > k. 

i=k 

Thus, 

n 

5^(-log||Zl/-7F(f(x))||-logA-i) >0, Vn>fc. 

i=k 
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So, by the definition of A^^i, we have G Aa,i. 

Now we make a partition of AA,Ar, let 

Aa.atj = {x G Aa^at : P { x ) G Aa,i} , 

then Aa^at = • Since Leb(AA,Af) > 0, we have Leb(AA,Arj) > 0 for some 

0 < j < A^ — 1. The fact that f^{Ax^Nj) C Aa,i implies Leb(AA,i) > 0. 

□ 

Proposition 2.2. Given 0 < cxi < (72 < 1, there is 9 = 6 '(cri, <72, /) G (0,1) such that 
for every x G A^-j^i and any N E N, there are 1 < ni < n 2 < ■ ■ ■ < ni < N, where 
i > dN such that is a a 2 -hyperbolic time for x, i = 1, • • • , 

Proof. For every x G Ag-ip, by the definition we have that 

1 " 

- y'log ll^/"V^(r(^))ll < logf^i <0, Vn > 1, 

i=l 

it is equivalent to 


N 

l[\\Df-^/F{r{x))\\<a^, for any NeN. 

i=l 

Now we can apply the Lemma 12.21 to end the proof. 

□ 

The above Proposition 12.11 and Proposition 12.21 tell us that under the setting of 
Theorem El there exists a set with positive Lebesgue measure such that all the points 
there have infinitely many hyperbolic times, and these hyperbolic times have uniformly 
positive density. 

2.2 Adjusting constants 

We have the following theorem that asserts that if an iteration of a diffeomorphism / 
has an SRB measure, then / has an SRB measure itself. The proof is standard, hence 
omitted. 

Theorem 2.1. For given N & N, if p. is an SRB measure for f^, then there exist 
some SRB measure jl for f. More precisely, we can take 






By Theorem 12.11 for considering the existence of SRB measures, it suffices to con¬ 
sider for some integer N. 

We need the following Proposition whose proof is similar to | 8 ] and we omit it here 
also. 

Proposition 2.3. Let K he a compact positively invariant set and E C T^M he a 
continuous D f -invariant bundle. If there is a set A' C A with total prohahility such 
that for any x G A', one has 

liminf — log ||Zl/"'/i?(a:)|| <0 

n—)-oo 77, 

then 'is > 0, there exists N := N{e) G M such that 

\\Dr/E{x)\\<e^^ 

for any n > N and a; G A. 

Thus, under the assumptions of the main theorems, by considering a large iteration 
of /, we can add some standing assumptions for /: 

H: there are constants Eq > 0, f, Ai, A 2 , A 3 G (0,1) such that 


• \\Df/E{x)\\ < e^° for every a; G 17; 

• 0 < Ai < Aie^° < A 2 < A 3 = A 2 e^°/ 6 ^ < 1 , wher^fe = inf ^^■^m{Df/E{x)) > 
0 ; 

• Leb(AAi,i) > 0. 


For every x G by Proposition 12.21 we know that there are infinitely many 

A 2 -hyperbohc times for x. Let n be a A 2 -hyperbohc time for a:, then by the definition 
of hyperbolic time and the standing assumption, we have 


\\Df/E{P{x))\\ 

^}}_^m{Df/E{P{x))) 


< (e^°A 2 )^ 


for every 1 < k < n, 


furthermore, we get 


"n‘ \\Df/E(P(0)\\ , 

hh MDf/F{fHx))y+i If ) 


Xp, for every 1 < k < n. 


Which means that if n is a A 2 -hyperbohc time for x, we have 


U \\Df/E{P{x))\\ 

ILm(Df/F(fSx))y+’l 


for every 1 < k < n. 


^If Vi,F 2 are two d-dimensional linear space and A : Vi —>■ V 2 is a linear map, we define the 


mininorm 


m(A) = inf 

v^O 


Ihll ■ 


If the linear map A is invertible, then one obtains m{A) = ||A ^|1 
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2.3 Sub-manifolds tangent to cone field and their iterations 

Denote by Br{x) = {y G M : d{x, y) < r} the closed ball of radius r around x. 

We can assume M is an embedded manifold in for N large enough by the 
Whitney Embedding theorem. For a subspace A C and a vector v G writing 
dist{v, A) = min^„eA the length of the distance between v and its orthogonal 

projection to A. If A,B are any two subspaces of dehne the distance between 
them (see [H Chapter 2.3] and [7]), 

i?) = max < max dist{u,B), max dist{v,A)>, 

f «Gj4,||u||= 1 i;GB,||t!||=l J 

in particular, if subspaces A and B have the same dimension, we have 

max dist{u,B)= max dist{v,A). 

w€A,||w||=1 vGB,\\v\\=1 

Definition 2.2. (Cone field) Let 0 < a < 1, define the F-direction cone field Cfi = 
of width a by 

(x) = = ve -\- vp ^ E{x) 0 F{x) such that HueII < |- 

One can define the E-direction cone field Cfi of width a in a similar way. 

For an embedded sub-manifold D, we say that it is tangent to Cfi if T^D C Cfi{x) 
for any x G D. 

If the splitting is dominated as in [1], then the F-direction cone held is invariant 
by Df. Now the splitting here is only continuous. 

In pp, the authors assume all the systems there have the dominated splitting prop¬ 
erty such that one can use the invariance property of the cones to obtain several nice 
geometry properties of the iterations of some embedded sub-manifold tangent to F- 
direction cone held with small hxed width. Indeed, the invariance property ensures that 
all the images of these kinds of sub-manifolds are also tangent to the F-direction cone 
held of the same width as before. Moreover, the angles between bundle F and tangent 
spaces of these iterated sub-manifolds are decreasing as iterated times increasing. 

In our setting, due to the lack of domination we have no invariance property of 
the cone helds. Consequently, one can not iterate every sub-manifold tangent to F- 
direction cone held such that all its iterations have the nice geometry properties like 
dominated case. However, it is enough for ns to iterate sub-manifold around the 
neighborhood of some particular points (points of Aai,i). For this reason, we shall 
study systems with domination in local sense. More precisely, we consider average 
dominated orbit segment iDehnition 12.31 belowh and built the invariance property of 
cones in weak sense, which means that for any disk containing a starting point of 
some orbit segment with average dominated, if it is tangent to F-direction cone held. 
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then so do their iterations whatever they admit some uniform small radius around the 
average dominated orbit. In fact, analogous to dominated case, the angles between 
F-bundle and iterated disks are decreasing exponentially. Furthermore, with the help 
of hyperbolic time we can show that the iterated disks are backward contracted in 
exponential rate on hyperbolic times. 

Definition 2.3. An orbit segment {x,f"'{x)) is ealled '-^-average dominated if for any 
1 < i < n, we have 

^ \\Df/E{P{x))\\ ^ , 

n^{Df/F{P{x)))-^- 

By the standing assumption, we have 

Lemma 2.4. For any point x G the orbit segment {x,P{x)) is -average 

dominated for any n eN. 


The proof of this lemma is to use the dehnition directly. 

Similar to the case of dominated splittings, we have the following two lemmas for 
an average dominated orbit segment. 

Lemma 2.5. For any 0 < 71 < 72 < 1, there is r = rpi, 72 ) > 0 sueh that for any x, 
if {x, f"'{x)) is ji-average dominated, then for any y E U satisfying d {fpx), fpy)) < r 
for any 0 < j < n — 1, one has that {y, f"'{y)) is 'y 2 -average dominated. 


Proof. For any constants 0 < 71 < 72 < 1, by the uniform continuity of Df and 
bundles, there exists r = r( 7 i, 72 ) >0 such that 




\\Df/E(y)\\ 


< V 72 / 7 I; 


and 


/—— ^ m{Df/F{x)) ^ I—— 
V 71/72 < —\\ - 
m[Df/F[y)) 


whenever d{x,y) < r. 

Then, by hypothesis, we obtain the following: 


^ \\Df/E{P{ym 
f}^m{Df/F{P{y))) 


< fr y^i\\Df/EiPix))\\ 

7=0 V^yU^2miDf/F{p{x))) 

< Y 2 


for any 1 < i < n. That is to say, {y,f"'{y)) is 72 -average dominated. □ 

Lemma 2.6. For any A G (0,1) and a E (0,1), if {x, p{x)) is X-average dominated, 
then Dp{x)Cf^{x) C {f\P), for every 1 <i <n. 
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Proof. Denote Vq G C^{x) by Vq = ve P vp, where vp G E{x), vp G F{x) and 
II'i^eII/II'i^fII < o- Since the orbit segment {x,f^{x)) is A-average dominated, 


\\Dm{vE)\\ ^ \\Df/E{p{x))\\\\vp\\ 

\\Df{x){vp)\\ - f}^m{Df/E{P{x)mvF\\ 

- ' iM 

< A*a, 

for any 1 < i < n. By invariance, DP{x){ve) G E{p{x)) and Dfpx){vF) G E{p{x)), 
the above inequality means that Dp{x)C^{x) C {f’‘{x)) , for any 1 < i < n. 

□ 


As a consequence of Lemma 12.51 and Lemma I2.6[ for sub-manifold tangent to E- 
direction cone held we have the following fact: 


Lemma 2.7. Given A G (0,1), there exists r > 0 such that for any a G (0,1), if 
(x,/"(x)) is X-average dominated, then for any sub-manifold D 3 x tangent to Cf’ 
such that dfip {p{x), d{p{D))) < r for any 0 < i < n — 1, then 

• f^{D) is tangent to C^/ 2 ^ for any I < j < n; 

• dist{E{fpy),Tfj(^yppD)) < \E‘^a, for every y E D and I < j < n. 

Proof. We take r = r(A, A^/^) as in Lemma 12.51 For the sub-manifold D and vq G 
TyD for any y E D. Denote by Vq = Vp -\- Vp, where Vp E E{y) and Vp E F{y) 
satisfying ||n£;||/||ni 7 ’|| < a. Since the orbit segment {y, f^{y)) is A^/^-average dominated 
by Lemma 12.51 we get the hrst statement of this Lemma by applying Lemma 12.61 
directly. 

Now we will prove the second statement. Since Vj = Dfpy){vo) = Dfpy){vE) + 
Dfpy){vF) for every 1 < j < n, by the dehnition of dist in previous remarks, we have 

DfKy){'0F) _ Vj 

\\Efpy){vF)\\ \\Dfpy){vF)\\ 

\\DP{y){vF) -Vj\\ 

\\Dp{y){vp)\\ 

\\DPiy)ivF)\\ 

\\Dp{y){vp)\\ 

■ a. 


J Dfpy){vF) ■ 


< 


< 


By the arbitrariness of Vq, we know 

dist {F{f{y)),Tp(y)fPD)) = max dist{w,Tfpy)f{D)) < A^/^ • a. 

w£F{fiy),\\w\\=l 


□ 
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Lemma 2.8. Given 0 < 71 < 72 < 1, there are tq > 0 and Oq > 0 such that for any 
r G (0, ro] and a G (0, ao], if {x, /"(x)) is 'ji-average dominated and n is a 'y 2 -hyperbolic 
time for x, then for any embedded sub-manifold D containing x with radius larger than 
r around x, there is a simply connected sub-manifold D <Z D containing x as its interior 
such that 


• f’^iD) C Br {f’^{x)) for every 0 < k < n; 


• f"'{D) is a disk of radius r around f"'(x); 


• dfr^-kD (Z*" ^{x), /" ’^{y)) < (/"(a:), f^{y)) for any point y e D. 


Proof. By the uniform continuity of Df and the bundles, there exist constants rg > 0 
and Oo > 0 , such that 


m{Df/F{y)) ^ 
m{Df/F{x)) - 


( 1 ) 


whenever d{x,y) < vq and dist{F{y), F{y)) < ao, and also for every n, the orbit 
segment {y,f"'{y)) is 72 -average dominated whenever d{f'^x,f^y) < ro for any 0 < i < 
n — 1. 

For any r G (0,ro] and a G (0,ao] hxed, let D be an embedded sub-manifold 
satisfying dj^{x, dD) > r. Define Di as the connected component of f{Di_i)P\Br {f\x)) 
containing f^{x) inductively for any 1 < i < n, where Do is the connected component 
of D n Br{x) containing x, and by construction we know dDo{x,dDo) > r. 

Now we will firstly show that the the sub-manifold contains some disk of radius 
r. By the construction, we have C Br{f\x)) for 0 < i < n, and f~^{Dn) C D^-k 
for every 0 < A; < n. Then Lemma [2.71 implies that all the pre-images {f~^{Dn)}o<k<n 
are tangent to the cone held with width a, respectively. We will argue by absurd: we 
assume by contradiction that Dn has radius less than r, then there exists some point 
yn e d{Dn) such that ?/„) < r. Dehne yn-k = f~^{yn) for every 0 < fc < u, 

then yi E Di G Br{f\x)), for every 0 < i < n — 1. Thus, we can choose a sequence of 
points Zk e f~^^~^^\Dn) and apply the inequality ( 1 ) to get the following estimation 


{r '"{x),yn-k) 


> miDf/T,^{f-^-^D^)df-.-^nAr~''~\^).yn-k-i) 

> ^2m{Df/F{r-'^-\x)))df-.-rnAr-^-\x),yn-k-i), 


for every 0 < k < n — 1. Consequently, 

n—1 

dD„(nO,yn)>(,/TG n ■in{Df/F{p{x)))d,-,fo.){r-HV,yn-t), 

j=n—k 

for every 1 < A; < n. As n is a 72 -hyperbolic time for x, we know 

n—1 

n m{DflF{fi{x))) > 7^. 

j=n—k 
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So 

do. (/”(x),9„) > (r-H^),yn-t) . (2) 

By the assumption d£)^{f"'{x),yn) < r, we have all the points yt are contained in the 
interior of Br{f^{x)), and dDi(/*(a^),l/i) < 72 ^ • r < r, 0 < i < n — 1. So |/o G d{Do) 
and dDQ{x,yo) > r, a contradiction. Therefore, the radius of is larger than r. 
Consequently, we can take a disk contained in with radius r. 

Let D = f~"‘{Dn), then D satishes the hrst two properties by our construction 
immediately. The last inequality about the backward contracting property can be 
deduced similarly to the process of the proof of inequality (2), which is a consequence 
of the assumption that u is a hyperbolic time for x and the fact that sub-manifold f^{D) 
is tangent to the cone held (with width smaller than a) around f'‘{x) with radius not 
bigger than r, for every 0 < z < n. So we can apply the estimation (1) inductively. □ 

2.4 Distortion bounds and Holder curvature at hyperbolic 
times 

Proposition 2.4. There exist constants a > 0,r > 0 such that if x E and n is a 
\ 2 -hyperb 0 lic time for x, for any sub-manifold D tangent to with radius larger than 
r around x, we have 

• dfn-k(^D) irix), /”(z/)) for any 0 < k < n; 

• dist (Tp(y)p(T)), F{f^{y))) < • a for every 0<j<n, 

whenever y E D such that df~(D) (/”W. /”(»))<>■■ 

Proof. It can be deduced from Lemma 12.41 and Lemma 12.81 □ 

We will discuss bounded distortion, it plays a crucial role in the proof of the existence 
of SRB measures. Now we use the assumption: F is Holder continuous. 

Proposition 2.5. There exist a > 0, r > 0 and K. > 0 such that for any sub¬ 
manifold D tangent to Cf’ with radius larger than r around x E and n > 1 is a 

\ 2 -hyperb 0 lic time for x, then 

1 , \&etDrlT,D\ 

K “ |detD/”/r,D| - 

for every y E D such that dfnij[f^x, f^y) < r. 
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Proof. Choose a,r that satisfy the condition of Proposition 12.41 without loss of gener¬ 
ality, we suppose r < 1, then one obtains 


det Dr/TyD\ 
det Dr/F{y)\ 


< 

< 

< 

< 


n—1 

J2H\detDf/Tf.yfD 


i=0 

n—1 


log\ det Df/F{ny))\ 


J2Rld^st{TpyfD,F{f\y))) 

i=0 

n—1 


^ 2 ^ 1 X 2 a 

i=0 


Ri- 


a 

1 — A 2 ’ 


where Ri is a universal constant depending only on /. Especially, by taking x = y, we 
have 


det Dr/F{x)\ 
det Dr/rD\ 


< Ri 


a 

1 — A 2 


Since bundle F is Holder by assumption, we may suppose x 1 —)■ F{x) is /9-Holder 
continuous for some 0 < /3 < 1. Therefore, we have the following estimation 


det Dr/F{y)\ 

det Dr/F{x)\ 


n—1 

< ^ I log I det D//F(f(i))| - log I det Df/F{r{y))\\ 

i=0 

n—1 

2 = 0 
n—1 

i=0 


where R 2 is the Holder constant for log | det Df/F\. By Proposition 12.41 we obtain 


det DrlF{y)\ 
det Dr/F{x)\ 


< 


< 


< 


< 


n—1 

J2R2dMf{x),f(y)f 

2 = 0 

n—1 

2=0 


n—1 

i=0 


R2- 


A 2 2 r^ 
1 — A 2 2 
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With all the inequalities above, it follows that 


det Dp/TyD 
det DP/T^D 


< 


< 


detDplTyD\ 

<leiDr/F{y)\ 

deiDr/F{x)\ 

detD/7T,D| 


detD/7F7)| 

detD/ 7 F( 7 | 


2Ri 


a 

1 — A 2 


+ R2 ■ 


A 2 2 r^ 
1 — A 2 2 


Now it suffices to take 


/C = exp 



a 

1 — A 2 


+ R2 ■ 



□ 


For an embedded sub-manifold D, we say this sub-manifold is or the 

tangent bundle TD is ^Holder continuous if a; 1 —)■ T^D dehnes a Holder continuous 
subsection (with Holder exponent from D to the Grassmannian bundles over D. 
We will discuss in local coordinates. By the compactness of M we can choose (5o > 0 
small and fixed in advance, such that for any a; G M the inverse of exponential map 
exp“^ is well dehned on the (5o neighborhood of x. Denote by 7 the corresponding 
neighborhood of the origin of T^M, then we identify these two neighborhoods. 

For every a > 0, up to shrinking 5o such that for any y E D nVx, TyD is parallel 
to a unique graph of some linear map Lx{y) from T^D to E{x), whenever D is tangent 
to cone held . Now we can describe the Holder property of tangent bundle in local 
coordinate form. 


Definition 2.4. For constants C > 0 and ^ G (0,1] fixed in standing assumption (H), 
if D is tangent to the cone field Cfi, we say that the tangent bundle TD is {C,f)-Hdlder 
continuous if 

\\Lx{y)\\ < Cdoix^yf for every y E D r\Vx. 

Then, for given sub-manifold D tangent to the F-direction cone held, we 

dehne its Holder curvature 

RfiD) = inf |g > 0 : TD is (G, .^)-Holder continuous 

In next section, we will iterate disks tangent to the F-direction cone held and 
then consider the limit condition of the iterated disks. The next Proposition makes 
one can apply the Ascoli-Arzela theorem to get the accumulated disks of hyperbolic 
times which we will prove are actually the unstable disks. 
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Proposition 2.6. There exist constants 0 < A 4 < 1, £ > 0, a > 0 and r > 0 such 
that for any given sub-manifold D tangent to with radius larger than r around 
X G if n is a \ 2 -hyperb 0 lic time for x, then there is a sub-manifold D C D 

containing x such that f^{D) is contained in Br{f"‘{x)) and the Holder curvature of 
/”■(£)) satisfies 


ncirm < Kum +1—r 

1 — A4 


As a conseguence, Hc{f^{D)) < 2 £/(l — A 4 ) when the \ 2 -hyperb 0 lic time n large 
enough. 

Proof. By applying the Proposition 12.41 we can choose a > 0 and r > 0, such that 
there exists a sub-manifold D <Z D containing x with the following properties: 

• f^{D) is contained in the corresponding ball of radius r, for any 0 < i < n; 

• f"'{D) is a disk of radius r with center /”(x). 

Without loss of generality we assume r < 5 q. Given y & D, m the neighborhood Vy 
and V/(y) we can express / in local coordinate from TyD (B E{y) to Tj-(y)iA ©£’(/(?/)) as 
f{u,v) = {ui{u,v),vi{u,v)), then Df{u,v) can be expressed by the following matrix 



as Df{E{y)) = E{f{y)) and Df{TyD) = Tf(y)f{D), we have 

duUi{Q,t)) = Df/TyD, 5„mi( 0,0)=0, c?«ni(0, 0) = 0, 5^ni(0, 0) = £)//£(?/). 


We have the following choices of constants: 

• there is L > 0 such that for any disk D centered at y tangent to the cone held 
associated to F, then ||Lj^( 2 ;)|| < L for any z ^ D. Clearly, we can assume L > 1. 

• Df is (Li,^)-Holder. 

Notice that the constants do not depend on y. 

For every 0 <q;< 6/4, we can adjust r, a such that 


m{duUi{z)) > m{Df/E{x)) - a/L, \\dyUi{z)\\ < a/L, 
||5«vi(2;)|| < a/L, \\dyVi{z) - Df/E{x)\\ < a/L, 


for any z G D. 

Claim. The Holder curvature HcifiD)) of f{D) has the following estimation: 


'HcUm < 


{m{Df/E{x))-2ayH^"^^^ 


\\Df/E{x)\\+2a 


Li 


{m{Df/E{x))-2ayH- 
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Proof of the Claim. For the estimation of the Holder curvature of f{D), it suffices to 
know 

zi&f{D) df(D)ifiy),Zi)-i 

since one can choose y & D arbitrarily. 

Now for every zi G f{D), according to the previous argument there exists a unique 
linear map Lf(^y){zi) parallel to the tangent space Tz^fi^D)., for pre-image 2 : of Zi, there 
also exists a unique linear map Ly{z) parallel to then by the Mean Value theorem 
we have that there exists some point w E D such that 



\\duVi{z) + dyVi{z)Ly{z)\\ < Lidniy^z)^ + {\\Df/E{x)\\ -f a/L)\\Ly{z)\\. 

Combing all these estimations and the fact \\Ly{z)\\dD{y, z)~^ < T-Lc{D) we get that 

II ^ _ ll-^/fa)^ill _ 

df{D){f{y),Zi)^ ~ {m{Df/F{x)-2a)^dD{y,z)^ 

^ \\duVi{z) + (9t,ui(;g)|| 

{m{Df/F{x)) - 2ay+^dD{y, z)^ 

^ _ LidD{y,zy _ {\\Df/E{x)\\+2a)Ly{z) 

~ {m{Df/F{x)) - 2ay+^dD{y, zy {m{Df/F{x)) - 2ay+^dD{y, zy 

\\Df/E{x)\\+2a L, 

- {m{Df/F{x)) - 2a)i+« ’ {m{Df/F{x)) - 2a)i+« ‘ 

□ 

Recall b = inf^^jfm{Df /F{x)) and a < 6/4, we have 

Li ^ L, 

{m{Df/F{y))-2ay+^ " (6/2)'+«‘ 
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Define 


L = 


2i+«Li 


and 


Cj = 


\\DflE(fi(x))\\ +2a 


(m(Df/F(,fl(x))) - 2a)i+« 
By nsing the claim inductively, we have that 


for every 0 < j < n — 1. 


^c(/”(-D)) < Co • • • Cn-lHc{.D) + £(1 + Cn-l + C„_iC„_2 + ' ' ' + C„_i ■ ■ ■ Ci). 

Recall the comments after standing assumption (H), for some A 4 G (As,!) fixed in 
advance, by choosing a sufficiently small by reducing r and a, thus we have the esti¬ 
mations 

n—1 

Cj < A 4 for every 1 < fc < n, 

j=n—k 

then, we obtain 

ndriD)) < xium + DR. 

1 — A 4 

□ 


3 The iteration of Lebesgue measure 

The main aim of this section is to prove Theorem by standing assumption (H) we 
know Leb(AAi,i) > 0. Now we fix a and r as in Proposition 12.41 and Proposition 12.61 
Then, reducing to a small neighborhood of some Lebesgue density point, one can 
construct a smooth foliation with all the leaves are smooth (so and tangent to the 
given cone field everywhere. Then there exists at least one leaf D of this foliation 
such that D intersects in a set of positive Lebesgue measure by using the Fubini’s 
theorem. 

Now we consider the sequence of averages of forward iterations of Lebesgue measure 
restricted to the disk D above, that is 

.. n—1 

An = - y] /*LebD . 

i=0 

In this section we will prove that there exists some ergodic component of any limit 
measure of /i„, which is the SRB measure in the Theorem or the Physical measure 
in Corollary [TJ Our main ideas in this section come from pQ . 
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3.1 Construct absolute continuous (non-invariant) part of the 
limit measures 

For any disk D containing x, denote by Bd{x, 5) the ball of radins 6 aronnd x in D. 

Proposition 3.1. There are t] > 0 and 0 < ri < r such that for each n, there are 
points Xn,i, ■ ■ ■ ,Xn,k{n) ^ /”(-D) such that 

• f~^ixn,j) e and n is \ 2 -hyperb 0 lic time for f~^{xn,j) for I < j < k{n); 

• ri/4), 1 < j < k{n) are pairwise disjoint; 

• there is eo > 0 such that for any e G [0, Eq), we have 

P'n,ac,ei — Vi 

0<i<n-l 

where 

^n,£ Bfn(^j^;{Xn^ii 1 

l<i<k(n) 

^ n—1 k{i) 

f^n,ac,£ EE /*Leb£)|-Bji(£))(xij, — — e). 

^ i=0 j=l 

We denote p^n^ac Pn,ac,o and Kn BinP’ 

Proof. Take ri G (0, r) snch that if we let Dq be a snb-disk of D by removing the ri/2 
neighborhood of the bonndary, then Lebxi(AAi,i H Dq) > 0. Dehne 

= |x G Aai,i n Hq : ^ is a A 2 -hyperbolic time for xj-. 

Step 1 : First we will show that there exists a constant r > 0 snch that there are 
balls r'i/4) for each n, where Xnj £ f^{D) and 1 < j < k{n), having the 

following properties: 

• f~"'ixn,j) G Aai,i and n is a A 2 -hyperbolic time of f~"'(xn,j) for 1 < j < k{n); 

• i?/n(£))(x„j, ri/4), 1 < j < k{n) are pairwise disjoint; 

• we have the estimation: 


/"Lebo (^U^=iS/»(^)(xnj,ri/4)j > rLebiA(S'„). (3) 

Recall the Besicovitch Covering lemma, see [TUI 2.8.9-2.8.14], 
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Lemma. (Besicovitch Covering lemma) Fork G N, there exists constant p = p{k) G N 
such that for any k dimensional compact Riemannian manifold N, any set A (Z N, 
and for any family B of balls such that any x & A is in the central of some ball in B, 
there exists a sub-families Bi, - ■ ■ ,Bp contained in B with the following properties: 

• ^ C Uses. B; 

• either 5 fl -B' = 0, or B = B', for any -B, B' in Bi and I < i < p. 

Now we shall apply the Besicovitch Covering lemma. For every fixed n, put N = 
f^{D), A = /^(S'n). iV is a sub-manifold since / and D are Denote by 
B = {Bjn(£,)(a;,ri/4), a; G A} as the family of balls. As a consequence of Besicovitch 
Covering lemma, we can choose a sequence of sub-families Bi, ■■■ ,Bp of B such that 
f"^{Sn) C lJi=i UseBi B and every Bi is formed by disjoint balls with fixed radius ri/4, 
so 

/;*LebD (/”(S„)) < /.“Lebc (U U ® ) ' 

\i=l B&Bi ) 

We choose some 1 < f < p such that 

ffLehn ( U ^ ^ -ffLehninSn)) = -LebB(B„). 

XBeBi J P P 

Let Bj-n(o)(a;nj, ri/4), 1 < j < k{n) be the disjoint balls of Bi. Then by our construc¬ 
tion f~'^{xn,j) G and n is the A 2 -hyperbolic time for f~^{xnj), 1 < j < k{n), the 
above estimation becomes 

ffLeho (uf^^Bfn(^ij){xn,j,ri/4)'^ > ^Lebz?(S'„). 

It suffices to take r = 1/p to end this step. 


Step 2 : Define 


^ n—1 k{i) 

t-^n^ac EE /* Lebo 1 5/n (xj j , r 1 /4). 

^ i=0 j=l 


We consider the space {0,1, • • • , n — 1} x D with the product measure fn x LebD, 
where fn is the uniform distribution measure on {0,1, • • • , n — 1}. Define the indicator 
function 


X(x,i) 


1 if a; G Bj ; 
0 otherwise . 


Then, by using Fubini’s theorem 


n—1 


n 


J2^ehD{S,) 


i=0 


xixA)d'LehDix) j dfnii) 
x{x,i)dfn{i) \ dLehD{x). 
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Since Leb£)(AAi,i HDo) > 0 and the density of A 2 -hyperbolic times for all the points in 
Aai,i are bounded from below hy 9 = 6*(Ai, A 2 , /) > 0. In other words, J x{x, i)d^n{i) > 
9. Thus 

^ n—l 

— Leb£)(S'j) > 6'LebD(AA, 1 fl Dq), for every n G M. (4) 

n 

i=0 

By the dehnition of ^n,aci and the estimations from (3) and (4), it follows that 


9‘n,ac 1 ri/4) 

0<i<n—l l<j<k{i) 


^ n—l k{i) 

- {Bp{D){xi,j,ri/4:)) 

i=0 j=l 
„ n—l 


n 


E(/;LebB)(Ay 


i=0 

n—l 


> -y^ rLebpiSi) 
n 


i=0 


> r6'LebD(AAi,i n Do), 


then, by dehnition, we have 




u A'.) 

^0<i<n-l / 


= 9^n,ac\ IJ IJ Dji(o)(xij,ri/4) I > r^o, 

0<i<n—1 l<j<k{i) 


where rjQ = r6'Leb£)(AAi,i fl Dq). 

Given i > 0, for any measurable sets A,B(Z /*(D), we have that 

Lehfi^D)iA) _ |det(D/*)|dLeb(D) _ \det{Df{U))\LehD{f-KA)) 

Lehfxn^iB) ~ J^_^^^^\det{Df)\dLeh{D) ~ |det(Df (es))|Leb,A(/-*(S)) 

for some £ /~*(^) and ^ /~*(-S)- 

By Proposition 12.51 if we take A = Bfi(p){x,ri/A) \ Bfi(^D){x,^ — e) and B = 
Bfi{D){x,ri/4:), we have that 

/:LebD {Bp^D){x,ri/A) \ D/.(d)(x, ^ - g)) ^ Lehpif-^A)) ^ Lebjip)(A) 
ft^ehp{Bfi^p){x,ri/4:)) Lehp{f-%B)) “ Leb/i(iA)(D) ’ 

Due to the fact that 

Leb fijp) {Bfnp) {x, ri/4) \ {x, ^ - e)) 

Lebj-i(£))(Dji(^)(a;, ri/4)) 

can be arbitrary small by reducing s, we have that for rj = rjo/2, there is £0 > 0 small 
enough such that for any £ G [0,£o), one obtains fin.ac.£(Xjo<i<n-i^i,e) — 9- The proof 
is complete. □ 


22 











Now let Koo = n„=i Kj which is the accumulation points of let Xoo 

be an accumulation point of {xnj(n)} for some j{n), up to considering the subsequences 
we may suppose Xnj{n) —t x^o- As we have shown, disks ri/4),n > 1} 

are all tangent to the F-direction cone field of hxed width a with uniform size, and they 
have the uniform Holder curvature when n large enough by applying Proposition 12.61 
(Recall n is the hyperbolic time). Therefore, Ascoli-Arzela theorem ensures that there 
exists a disk B{xoo) of radius ri/4 around Xoo such that i?/n(D)(x„j(„,), ri/4) converges 
to B{xoo) in the topology, then B{xoo) C K^o- 

We will prove certain properties of accumulation points and corresponding disks. 

Lemma 3.1. Let Xoo be an accumulation point of {xn,j(n)} for some j{n), and suppose 
B{xoo) is the accumulation disk, then we have 

1. Koo C K, and in particular, x G B{xoo) C K; 

2. the subspace F{xoo) is uniformly expanding in the following sense: 

||F>/"^/F(a;oo)|| < for every k > 1] 

3. B{xqo) is contained in the corresponding strong unstable manifold yVJfci^oo)- 

d{f~’'ixoo), r'^iy)) < y), \/y e B{x^)] 

4- B{xoo) is tangent to F{y) for every point y G B{xoo)- 

Proof. By the construction, one observes that Kj C f^{U) for any j > 1. Then 
[Jj^^Kj C f^{U). This implies 

[Jk, cTW) 

j>e 

Therefore, 

K«.=r\[jFmr\f’^'x)=K. 

ieNj>e £eN 

Then x G B{xoo) C Koo C K. We obtain conclusion (1). 

Next we will check the last three conclusions. By construction and Proposition 12.41 
we have the following: 

• nf=o^ \\Df~^/d^if~\xn,j{n))\\ < As for every 1 < A: < n and every n; 

• for every k > 1, f~^ is a As^^ contraction on ri/4) for every n, 

i.e., d{f~^Xn,j{n), f~^y) < X 2 ^^d{xn,j(n),y) for every 0 < k < n, whenever y is 
contained in ri/4); 
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• disks ri/4)} are contained in the corresponding F-direction cone 

field and angles between F and the tangent spaces of these disks are exponentially 
contracted as n increasing. 

Passing to the limit, we know (2), (3), (4) are true. 

□ 

Definition 3.1. A fake F-cylinder at some point y is a set expj^((p(X x Fq)), where 
X C is a compaet set, Dq C is the unit ball such that for each x e X, 

iPx '■ Dq ^ E is a map 

• expj^((p 2 ;(Fo)) tangent to the cone field . 

If in addition, we have that 

• expj^((pj,(Fo)) is a local unstable manifold. 

• the intersection of expy{(px{DQ)) and expy{ipz{DQ)) is relatively open in each one 
for any x,z & X. 

then we say that expy{ip{X x Dq)) is a F-cylinder. 

{expj^((Pa;(Fo)}a;gx is called the canonical partition of the F-cylinder. 

Definition 3.2. For two finite Borel measures ui and 1 ^ 2 , we denote ui -< U 2 if for any 
measurable set A, we have vfiA) < z/ 2 (A). 

Proposition 3.2. There is a measure yac -< T and and F-cylinder Loo such that 
Lac(-hoo) > 0 and the conditional measure of p,ac associated to the canonical partition 
Coo is absolutely continuous with respect to the Lebesgue measure for almost every 
1 £ Coo ■ 

Proof. Let {uk} be a subsequence such that {/J-uk} accumulates. By taking a subse¬ 
quence if necessary, one can assume that {fj,nk,ac} accumulates. Set fVac = hni„_i.oo Ln,ac- 
We have Pac(F) > limsup^^oo Lnfc,ac(F) > y > 0, and then fiac{Koo) > V, since 
supp (pac) C Koo- 

For e > 0 small, take 

Koo .,=n u Ku- 

ngN j>n 

We have supp(pac,£) C Koo,e- Take a point y G supp(/iac,£)- Then for <5 > 0, we have 
Pac{Koo n B{y, S)) > yac,e{Koo,e H B{y, 6)) > 0. By construction we have that Foo,o H 
B{y, (5) is an F-cylinder if we take <5 e, where B{y, 5) is a small open neighborhood 
of y with radius 5. Set 

Loo = Koopr\U{x,5) = IJ expy((p3,(Fo)), 

X&Xac. 
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where Xoo = {x E Eiij) ■. x E exp^ ^7); 7 is an unstable leaf in Xqo q}- 

Define Xn = {x E E{y) : x E exp“^(5/n(^)(a;„j(„),ri/4)), for some e 

f^{D), where n is a A 2 -hyperbolic time for f~"'{xn,j{n))}- Notice that X„ may have 
non-empty intersection with X^o or X^ for m ^ n. 

By the construction, we have that ^ac -< h- Now we need to show that the condi¬ 
tional measure of fiac associated to the canonical partition of Coo is absolutely contin¬ 
uous with respect to the Lebesgue measure for almost every 7 E Coo- 
Dehne 

Ln= (^lJS/n(^)(a;„j(„),ri/4)j nB{y,6). 

Notice that can be identihed to be a fake F-cylinder as expyip{Xn x Dq). 

Let L = Uo<i<oo^* X and yn,ac be 

n —1 ^ n—1 

hn,ac(lj Bi X {Z}) = 

i=0 ^ i=0 

where F* C Lj is a measurable set. 

We can dehne a limit in L by the following way: we dehne limn^oo{xn,'<^{n)) = 
(xo,no) if and only if \im.n^ooXn = xq in the Riemannian metric of the manifold M, 
and one of the following cases occurs 

• no = 00, m(n) = 00 and Xq, Xn E Loo for n large enough; 

• no = 00, hm„^oo"i(n) = 00 and Xn E Lm{n); 

• no if hnite, for n large enough, m(n) = no, xo,Xn E Ln^- 

This limit gives a topology on L, and under this topology, L is a compact space. 
The fake F-cylinder 



gives a measurable partition on L. 

By the Proposition 12.51 there is a constant C > 0 such that for each measurable set 
B C Dq, for each n G N, we have 

1 Leb(F) ^ x B) ^ ^ Leb(F) 

C Leb(Fo) “ Jiri,ac{^7LoXi x D) ~ Leb(Fo)' 

By using the dominated convergence theorem, for almost every disk in the F- 
cylinder Loo, the conditional measure of yac is absolutely continuous with respect to 
the Lebesgue measure. 

□ 
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3.2 Existence of SRB measure and Physical measure 

For each x G M, one can consider the measures 


n—1 


l^x,n ^ ^ ^ 

n ^^ 


p{x)- 


i=0 


The set S is dehned to be: a; G S if and only if lim„_j,ooexists and is ergodic. 
From Ergodic Decomposition theorem na Chapter II.6], one knows that S has total 
probability and if one denotes = hm„_^oo f^x,n, then for any bounded measurable 
function ip and any invariant measure u, one has x i—)■ / ipd^x is measurable and 



ipdf = ipd^xdi'{x). 


Lemma 3.2. There is a set Z^o C Loo Cl S such that fi{Zoo) > 0 and the conditional 
measures o/(/i|Zoo) on the unstable manifolds are absolutely continuous with respect to 
the Lebesgue measures on these manifolds. 

Proof. We consider a family of measurable sets A such that for each ^4 G .4., we have 
A C LooHS and Leb.y(7nd) = 0 for each leaf 7 G Coo- We can End such a measurable 
set Aoo such that 

ja{Aoo) = max/i(4). 

AeA 

Such a maximal exists because if we have a sequence of measurable sets {An} such that 
lim„_^oo h(^n) = sup^g_4/i(4), then we take Aoo = By the dehnition of A, we 

have Aoo ^ A , then /iac(4oo) = 0, for the conditional measures of pac along the leaves 
of Coo are absolutely continuous with respect to Lebesgue as we proved in Proposition 

IMl 

Set Zoo = Loo n S \ Aoo- Since iiac{Zoo) = Pac{Loo) > 0, we have /i(Zoo) > 0. For 
any measurable set A C Zoo satisfying Leb.j,(4 fl 7) = 0 for almost every 7 G Coo, by 
the definition of Aoo and Zoo, we have (p|Zoo)(d) = 0. This implies that (/i|Zoo) has 
absolutely continuous conditional measures on the unstable manifolds. 

□ 


Lemma 3.3. By reducing S if necessary, for every two points x, y G S fl 7 for some 
unstable manifold 7, we have that fix = Py 

Proof. According to Birkhoff Ergodic theorem, by reducing S if necessary, one can 
assume that for any x G S, lim„_j.oo !/■«-exists and equals to fix- For 
any x,y e CD one has lim^^oo = hm^^oo ^/nYnZQ by the 

dehnitions. This implies fix = fiy □ 

Denote hjV = {yflZoo : 7 G £00} and Q = {Q C Zoo ■ x,y E Q if and only if fix = 
fiy} the two measurable partitions of Zoo, then from Lemma [3.31 we have Q -<V which 
means V is hner than Q. Also let vr-p : Zoo —t V and ttq : Zoo —t Q be the projections. 
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For every measurable subset A C Z^o, by the Ergodic Decomposition theorem we 
mentioned above, take ip = xa, we obtain 





and 

l^x{A) = / XAdfix= lim -^XAifix)) 

i=0 

/i-almost everywhere, where xa denotes the characteristic function of measurable set A. 
By Poincare’s recurrence theorem we know fi almost every point G Z^o has inhnitely 
many return times. Let k{z) be the smallest integer such that G Z^o- One 

knows 

/i(A) = / k{z)iA^{A)dn{z) 

j Zoo 

for any measurable subset A of Z^o, where one uses the fact fiz = fipz for every f G Z. 

Recall the dehnition and properties of conditional expectation. Given two a- 
algebras Bi, B2 with the property B2 C Bi, that is to say B2 is the sub-a-algebra of Bi. 
Consider measurable space (X, Bi, fj,), one can dehne a conditional expectation operator 
EP/B2) : L^(X, i 3 i,/i) —)■ L^{X, B2, fi) such that for every function 0 G L^{X, Bi, n), 
E{<P/B2) is the /i.a.e. unique i32-nieasurable function with 



E{p/B2)dfi, 


for every A G i32- 


For every 0 G L^{X, Bi, /i) and i32-bounded measurable function ip, we have E[pip/B2) = 
tpE{p/B2)- That is to say 


/ pipdfi = / 'ipE{p/B2)dn, for every A G B2- 

Ja Ja 

Consider the sub-a-algebra B{Q) of the original B which is generated by the measur¬ 
able partition Q. Then there exists a unique conditional expectation i of the function k 
which is a measurable function dehned on B{Q) and i is constant on each element of Q. 
Moreover, as 2: 1—)■ fiz{A) is i 3 (Q)-bounded measurable functions for every measurable 
set A, by Ergodic Decomposition theorem, we have 


k{z)fiz{A)dfj, 


i{z)fj,z{A)diJ,, 


for every i 3 (Q)-measurable set E. 


We can dehne fj,Q = Hz and i{Q) = i{z) for some z E Q, every Q E Q. They are well 
dehned as /i^ and i{z) are constant on each element of Q. Thus, 


j i{z)nz{A)dfi = j i{Q)fiQ{A)d'}2Q, 
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where /Iq is the quotient measure dehned by ^q{B) = tIq[B) for any B C Q. So, 
n{A) = J i{Q)fiQ{A)d'f 2 Q, for every measurable subset A C Z^o- 
We have the following claim: 

Claim. {i{Q)fiQ}Q<=Q is the family of conditional measures of /i with respect to the 
measurable partition Q. 

Proof. Without loss of generality, by contradiction, we may assume that there is a 
subset B C Q with positive pq measure such that 


^{Q)Pq{Q) > 1 for any Q e B. 

By the dehnition of pq, we have 

Pq{B) = pi'KQiB)) = J i{Q)pQ{TrQ\B))dflQ 

= [ ^{Q)PQ{T^^{B))dfiQ 

J B 

+ [ KQ)PQ{^Q^iB))d'fiQ. 

J Q\B 

Observe that pq^tIq^^B)) = 0 for any Q E Q \ B, this is because of 7rg^(-B) C Z^o \ Q 
for every Q E Q\B and the fact figi^Zoo \ Q) = 0 for every Q E Q. On the other hand, 
Q E B implies piQ{Ti~^{B)) = fXQ{Q), all these together we know 


Pq{B) — 


B 


^{Q)Pq{t^q {B))dfiQ 


li{Q)pQ{Q)dirQ 


B 


> fiQ{B). 


This gives a contradiction, which completes the proof of the claim. 

□ 


Lemma 3 . 4 . There exists some point z E Z^o such that pziZoo) > 0 and pz has 
absolutely continuous conditional measures along the leaves of Coo- 

Proof. For every Q E Q, let {/iQ,p : P E V,P C Q} he the family of conditional 
measures of pq with respect to the finer partition P restrict to Q. Denote by pq^-p 
the quotient measure of pq with respect to the partition V restricted to Q, then by 
definition for every measurable set A we have 


Pq{A) 


TQ,p{A)d'j2q^-p, 



which implies 




So {fiQ,p} are conditional measnres of i{Q)fiQ with respect to partition V restricted to 
Q. If we denote by {/ipjpgp as the conditional measnres of fi with respect to the hner 
partition V, as we have shown in the claim above, {•^(Q)/iQ}QeQ are the conditional 
measnres of /i with respect to the measnrable partition Q. Therefore, by the essential 
nniqueness of Rokhlin decomposition we have fip = Hq^p for pg-almost every Q E Q 
and pg^p-almost every P eV with P C Q. By dehnition of pg, which is eqnivalent to 
say /ip = iiz,p for /i-almost every z E and p^-almost every P, where represents 
for the qnotient measnre of /i^ with respect to partition V. 

Since we have 



there exists a snbset Z\ C Z^q such that HziZoo) > 0 for every z E Zi. Furthermore, 
as we have shown in Lemma 13^ /ip is absolutely continuous with respect to Lebesgue 
measure for almost every P. Here one should notice that for every P E V, we have 
P = 7 n Zoo, for some 7 E £00 by the construction of V. Then by the argument 
above we obtain a set Z 2 with full (/i|Zoo) measure such that for every z E Z2, fiz,p is 
absolutely continuous with respect to Lebesgue measure for /i;j-almost every P E V. 
So if one takes some point z G Zi n Z 2 , then it satishes the requirement of this lemma. 


□ 


Proof of Theorem A. Take G Zoo as in Lemma ITTI then ^z{Loo) > 0. For every 
regular points y we have hm„^.oo 7 log ||P/“"'/P(//)|| < | log A 2 , which can be concluded 
from Lemma 13.11 That is to say there exists a set with positive /i^-measure such that all 
the points there have dimP Lyapunove exponents larger than — | log A 2 , so we have that 
yz has dimP positive Lyapunov exponents by ergodicity. By assumption, we know all 
the Lyapunov exponents along P-direction are non positive for /r^ almost every point. 
So, by Pesin theory (see more in [Tj for instance) we obtain that /r^-almost every point 
X has a local unstable manifold. Furthermore, since the disks 7 G Coo are contained 
in the local unstable manifolds. Using the ergodicity and absolute continuity property 
proved in Lemma [3.41 we have that the ergodic measure /r^ has absolutely continuous 
conditional measures on unstable manifolds. This ends the proof of Theorem □ 

Proof of Corollary 1. The condition 



on a total probability set implies that E is uniformly contracted by the work of Cao in 
[ 8 ]. Since we have found an ergodic SRB measure y, then /r is a Physical measure by 
using the absolute continuity of stable foliation. One can see [H] for more details. □ 
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A sketch of the proof of Theoreml^ By the assumption, as in the proof of Theorem IXl 
mainly applying Lemma [2.31 we know that there exist Ai G (0,1) and some j EN such 
that the following set 


{xEP{D)nAx,,i: T,D = F{x)} 

has positive Lebesgue measure in f^{D). Then we take a Lebesgue density point of 
the above set and a small sub-disk around this point. By following the the proof of 
Theorem we know the existence of SRB measures. 

□ 
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